Pion Distribution Amplitude from Lattice QCD by Cloët, I. C. et al.
Pion Distribution Amplitude from Lattice QCD
I. C. Cloe¨t,1 L. Chang,2 C. D. Roberts,1 S.M. Schmidt,3 and P. C. Tandy4
1Physics Division, Argonne National Laboratory, Argonne, Illinois 60439, USA
2Institut fu¨r Kernphysik, Forschungszentrum Ju¨lich, D-52425 Ju¨lich, Germany
3Institute for Advanced Simulation, Forschungszentrum Ju¨lich and JARA, D-52425 Ju¨lich, Germany
4Center for Nuclear Research, Department of Physics, Kent State University, Kent, Ohio 44242, USA
(Received 11 June 2013; published 27 August 2013)
A method is explained through which a pointwise accurate approximation to the pion’s valence-quark
distribution amplitude (PDA) may be obtained from a limited number of moments. In connection with the
single nontrivial moment accessible in contemporary simulations of lattice-regularized QCD, the method
yields a PDA that is a broad concave function whose pointwise form agrees with that predicted by Dyson-
Schwinger equation analyses of the pion. Under leading-order evolution, the PDA remains broad to energy
scales in excess of 100 GeV, a feature which signals persistence of the influence of dynamical chiral
symmetry breaking. Consequently, the asymptotic distribution ’
asy
 ðxÞ is a poor approximation to the
pion’s PDA at all such scales that are either currently accessible or foreseeable in experiments on pion
elastic and transition form factors. Thus, related expectations based on ’
asy
 ðxÞ should be revised.
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The light-front wave function of an interacting quantum
system ’ðxÞ provides a connection between dynamical
properties of the underlying relativistic quantum field the-
ory and notions familiar from nonrelativistic quantum
mechanics. In particular, although particle number conser-
vation is generally lost in relativistic quantum field theory,
’ðxÞ has a probability interpretation. It can therefore trans-
late features that arise purely through the infinitely many-
body nature of relativistic quantum field theory into images
whose interpretation seems more straightforward [1–3].
With ’ðxÞ in hand, the impact of phenomena that are
essentially quantum field theoretical in origin may be
expressed via wave function overlaps. Such overlaps are
familiar in all disciplines and associated with a long-
established interpretation. For example, the (leading-twist)
wave function of a meson is an amplitude that describes the
momentum distribution of a quark and an antiquark in the
bound state’s simplest (valence) Fock state. The amplitude
’ðxÞ is a process-independent expression of intrinsic prop-
erties of the composite system.
Seemingly, the simplest composite systems in nuclear
and particle physics are the pions. This isospin triplet of
(unusually) low-mass states is constructed from valence u
and d quarks. As a process-independent expression of pion
properties, ’ðxÞ is a crucial element in computing the
leading twist and leading order in -strong results for
pion elastic and transition form factors [4–6]. For many
years, predictions obtained with such formulas have served
as motivation for crucial experiments designed to test quan-
tum chromodynamics (QCD), e.g., Refs. [7–13].
Regarding the pion, however, appearances have long been
deceiving. The unusually lowmass of these states signals the
intimate connection between dynamical chiral symmetry
breaking (DCSB) and the existence and properties of pions.
This connection is fascinating because DCSB is a striking
emergent feature of QCD, which plays a critical role in
forming the bulk of the visible mass in the Universe [14]
and is expressed in numerous aspects of the spectrum and
interactions of hadrons, e.g., the large splitting between
parity partners [15,16] and the existence and location of a
zero in some hadron form factors [17,18]. As emphasized by
the successful application of chiral perturbation theory at
soft scales, an explanation of pion properties is only possible
within an architecture that faithfully represents chiral
symmetry and the pattern by which it is broken in QCD.
In order to chart the pion’s internal structure, one must unify
this with a direct connection to the parton dynamics of QCD.
The Dyson-Schwinger equation (DSE) framework [19,20]
effects such a union in the continuum and, with recent
algorithmic advances, it may now be employed for the
computation of light-front quantities such as ’ðxÞ [3].
Hitherto, we have not explained the argument x, upon
which the pion’s valence-quark distribution amplitude
(PDA) depends. This variable expresses the light-front frac-
tion of the pion’s total momentum carried by the valence
quark, which is equivalent to the momentum fraction carried
by the valence quark in the infinite-momentum frame.
Momentum conservation entails that the valence antiquark
carries (1 x). Since the neutral pion is an eigenstate of the
charge conjugation operator, ’ðxÞ ¼ ’ð1 xÞ.
We have, in addition, omitted an argument that is
crucial in understanding and employing ’ðxÞ. Namely,
the PDA is also a function of the momentum scale  or,
equivalently, the length scale  ¼ 1= , which characterizes
the process in which the pion is involved. On the domain
within which QCD perturbation theory is valid, the equa-
tion describing the  evolution of ’ðx; Þ is known and
has the solution [5,6]
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’ðx;Þ¼’asy ðxÞ

1þ X
1
j¼2;4;...
a3=2j ðÞCð3=2Þj ð2x1Þ

; (1)
’asy ðxÞ ¼ 6xð1 xÞ; (2)
where fCð3=2Þj ; j ¼ 1; . . . ;1g areGegenbauer polynomials of
order  ¼ 3=2 and the expansion coefficients fa3=2j ;j¼
1;...;1g evolve logarithmically with , vanishing as ! 0.
[These features owe to the fact that in the neighborhood
QCD’0, whereQCD  0:2 GeV, QCD is invariant under
the collinear conformal group SLð2;RÞ [21,22]. Indeed, the
Gegenbauer  ¼ 3=2 polynomials are merely irreducible
representations of this group. A correspondence with the
spherical harmonics expansion of the wave functions for
Oð3Þ-invariant systems in quantum mechanics is plain.]
In the absence of additional information, it has commonly
been assumed that, at any length scale , a useful approxi-
mation to ’ðx; Þ is obtained by using just the first few
terms of the expansion in Eq. (1). [This assumption has led to
models for ’ðxÞ whose pointwise behavior is not concave
on x 2 ½0; 1, e.g., to ‘‘humped’’ distributions [23]]. While
the assumption is satisfied on QCD ’ 0, it is hard to justify
at the length scales available in typical contemporary experi-
ments, which correspond to  ’ 2 GeV. This is emphasized
by the fact that, within the domain QCD ’ 0, the pion’s
valence-quark parton distribution function uv ðxÞ  ðxÞ,
which is far fromvalid at currently accessible scales [24–26].
To illustrate these remarks, consider that a value
a3=22 ð2Þ ¼ 0:201ð114Þ; (3)
2 ¼ 1=½2 GeV, was obtained using Eq. (1) as a tool for
expressing the result of a numerical simulation of lattice-
regularized QCD [27]. This indicates a large correction to
the asymptotic form ’
asy
 ðxÞ and gives no reason to expect
that the ratio a3=24 ð2Þ=a3=22 ð2Þ is small. Now, at leading-
logarithmic accuracy, the moments in Eq. (1) evolve from
2 !  as follows [5,6]:
a3=2j ðÞ ¼ a3=2j ð2Þ

sð2Þ
sðÞ

ð0Þj =0
; (4)
where the one-loop strong running coupling is
sðÞ ¼ 20 lnð1=½QCDÞ ; (5)
with 0 ¼ 11 ð2=3Þnf, and
ð0Þj ¼ CF

3þ 2ðjþ 1Þðjþ 2Þ  4
Xjþ1
k¼1
1
k

; (6)
where CF ¼ 4=3 and nf is the number of active flavors.
Using nf ¼ 4 and QCD ¼ 0:234 GeV for illustration
[28], it is necessary to evolve to 100 ¼ 1=½100 GeV
before a3=22 ðÞ even falls to 50% of its value in Eq. (3).
The a3=24 coefficient still holds 37% of its value at 100. This
pattern is qualitatively preserved with higher-order evolu-
tion [29,30]. These observations suggest that the asymp-
totic domain lies at very large momenta indeed.
As observed already, the pion’s valence-quark PDA was
recently computed using QCD’s DSEs [3]. At the scale  ¼
2 GeV,’ðx; 2Þ is much broader than the asymptotic form,
’
asy
 ðxÞ in Eq. (2). Indeed, the power-law dependence is
better characterized by xð1xÞ with  0:3, a value
very different from that associated with the asymptotic form,
viz.,asy ¼ 1. Importantly, this dilation is a long-sought and
unambiguous expression ofDCSBon the light front [31–33].
If one insists on using Eq. (1) to represent such a broad
distribution, then a3=214 is the first expansion coefficient
whose magnitude is less than 10% of a3=22 . For the follow-
ing reasons, we do not find this surprising. The polynomials
fCð3=2Þj ð2x 1Þ; j ¼ 1; . . . ;1g are a complete orthonormal
set on x 2 ½0; 1 with respect to the measure xð1 xÞ.
Just as any attempt to represent a boxlike curve via a
Fourier series will inevitably lead to slow convergence
and spurious oscillations, so does the use of Gegenbauer
polynomials of order ¼ 3=2 to represent a function better
matched to the measure x0:3ð1 xÞ0:3. This latter measure
is actually associated with Gegenbauer polynomials of
order  ¼ 4=5. Observations such as these led to the
method adopted in Ref. [3].
As a framework within continuum quantum field theory,
the DSE study of Ref. [3] was able to reliably compute
arbitrarily many moments of the PDA, using
fðn  PÞmþ1hxmi ¼ trCDZ2
Z 
dq
ðn  qÞm5  n	ðq;PÞ;
(7)
where f is the pion’s leptonic decay constant; the trace is
over color and spinor indices;
R

dq is a Poincare´-invariant
regularization of the four-dimensional integral, with  the
ultraviolet regularization mass scale; Z2ð;Þ is the quark
wave function renormalization constant, with  the renor-
malization scale; n is a lightlike four-vector, n2 ¼ 0; P is
the pion’s four-momentum; and 	 is the pion’s Bethe-
Salpeter wave function
	ðq;PÞ ¼ SðqÞðq;PÞSðq Þ; (8)
with ðq;PÞ the Bethe-Salpeter amplitude, S the dressed
light-quark propagator, andq¼qþP, q ¼qð1ÞP,
 2 ½0; 1. Owing to Poincare´ covariance, no observable
can legitimately depend on .
In order to inform expectations about the nature of the
PDA that is reconstructed from the moments in Eq. (7),
we repeat that the pion multiplet contains a charge-
conjugation eigenstate. Therefore, the peak in the leading
Chebyshev moment of each of the three significant scalar
functions that appear in the expression for ðq;PÞ occurs
at 2krel :¼ q þ q  ¼ 0, i.e., at zero relative momentum
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[34,35]. Moreover, these Chebyshev moments are mono-
tonically decreasing with k2rel. Such observations suggest
that ’ðxÞ should exhibit a single maximum, which
appears at x ¼ 1=2; i.e., ’ðxÞ is a symmetric, concave
function on x 2 ½0; 1.
In Ref. [3], from 50 moments produced by Eq. (7), the
PDA was reconstructed using Gegenbauer polynomials of
order, with this order—the value of—determined by the
moments themselves, not fixed beforehand. Namely, with
’ðx;Þ¼Nxð1xÞ

1þ X
js
j¼2;4;...
aj ðÞCðÞj ð2x1Þ

;
(9)
where ¼1=2 andN ¼ ð2þ 1Þ=½ðþ 1=2Þ2,
very rapid progress from the moments to a converged
representation of the PDA was obtained. Indeed, js ¼ 2
was sufficient, with js ¼ 4 producing no change in a plotted
curve that was greater than the linewidth. Naturally, once
obtained in this way, onemay project’ðx; Þ onto the form
in Eq. (1), viz., for j ¼ 2; 4; . . . ,
a3=2j ¼
2
3
2jþ 3
ðjþ 2Þðjþ 1Þ
Z 1
0
dxCð3=2Þj ð2x 1Þ’ðxÞ; (10)
therewith obtaining all coefficients necessary to represent
any computed distribution in the conformal form without
ambiguity or difficulty.
We advocate taking this approach a step further, viz.,
adopting it, too, when one is presented even with only
limited information on ’ðx; Þ. In this connection, con-
sider that, since discretized spacetime does not possess the
full rotational symmetries of the Euclidean continuum,
then, with current algorithms, only one nontrivial moment
of ’ðxÞ can be computed using numerical simulations of
lattice-regularized QCD. Thus, in Ref. [27], using two
flavors of dynamical, OðaÞ-improved Wilson fermions
and linearly extrapolating to the empirical pion mass m^,
from results at m2=m^
2
 ¼ 20, 35, 50, the following lone
result for the pion is found:
Z 1
0
dxð2x 1Þ2’ðx; 2Þ ¼ 0:27 0:04: (11)
At next-to-leading order in chiral perturbation theory, all
nonanalytic corrections to the relevant matrix element are
contained in f [36,37], so a linear-in-m
2
 extrapolation of
the moment itself can be reliable. In order to provide a con-
text for the uncertainty in Eq. (11), one might compare the
indicated rangewith moment values computed using the two
limiting extremes’ ¼ ’asy and’ ¼ const, viz., 1=5 and
1=3, respectively. Thus, effectively, the error is large. Amore
accurate result would be valuable and is anticipated [38].
The single moment in Eq. (11) can only produce one
piece of information about ’ðx; Þ, and, as described in
connection with Eq. (3), it was used in Ref. [27] to
constrain a3=22 ð2Þ in Eq. (1) and therewith produce a
‘‘double-humped’’ PDA. Notably, following Ref. [3], it is
straightforward to establish that a double-humped form lies
within the class of distributions produced by a pion Bethe-
Salpeter amplitude that may be characterized as vanishing
at zero relative momentum, instead of peaking thereat.
Now, suppose instead that one analyzes the single unit of
information in Eq. (11) using Eq. (9) but discarding the
sum, a procedure which acknowledges implicitly that the
pion’s PDA should exhibit a single maximum at x ¼ 1=2.
Then, Eq. (11) constrains , with the result
’ðx;2Þ¼Nxð1xÞ ; ¼0:35þ0:32¼0:670:24¼0:11; (12)
which is depicted in Fig. 1. Employed thus, the lattice-
QCD result, Eq. (12), produces a concave amplitude in
agreement with contemporary DSE studies and confirms
that the asymptotic distribution ’
asy
 ðxÞ is not a good
approximation to the pion’s PDA at  ¼ 2 GeV.
Equation (12) actually favors the DSE result obtained
with the interaction of Ref. [28] and the rainbow-ladder
(RL) truncation. This truncation is the leading order in a
systematic, symmetry-preserving scheme [39,40] that has
widely been used with success in explaining properties of
ground-state pseudoscalar and vector mesons [41] and the
nucleon and  [42,43]. The other DSE curve was obtained
with the same interaction but using novel representations
of the gap and Bethe-Salpeter kernels that incorporate
important, essentially nonperturbative features of DCSB,
which it is impossible to recover in RL truncation or any
stepwise improvement thereof [15,44,45]. The solid curve
should therefore provide the more realistic result. That the
PDA inferred from Eq. (11) is closer to the RL result is
nonetheless readily understood. As just described, RL
computations omit important features of DCSB and, in
being obtained by linearly extrapolating from large pion
masses, so, effectively, does the lattice result. We
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FIG. 1 (color online). Dot-dashed curve, embedded in the
shaded region, ’ðx; 2Þ in Eq. (12). The shaded region indicates
the extremes allowed by the errors on . For comparison, the
DSE results obtained in Ref. [3] are also depicted: solid curve,
’ðx; 2Þ obtained with the best DSE truncation currently avail-
able, which includes important features of DCSB in building the
kernels; and dashed curve, result obtained in rainbow-ladder
truncation. The dotted curve is ’
asy
 ðxÞ.
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anticipate that improved lattice simulations will produce a
PDA in better agreement with the solid curve in Fig. 1.
To illustrate and emphasize that information is gained
using the procedure we advocate but not lost, we list the first
three Gegenbauer  ¼ 3=2 moments computed by repro-
jecting Eq. (12) onto the expansion in Eq. (1), using Eq. (10):
a3=22 ð2Þ ¼ 0:20 0:12; (13a)
a3=24 ð2Þ ¼ 0:093 0:064; (13b)
a3=26 ð2Þ ¼ 0:055 0:041: (13c)
Naturally, the result in Eq. (13a) is equivalent to that in
Eq. (3), and Eqs. (13b) and (13c) provide new information,
which might either be checked by, or used to inform, other
approaches to the problem of computing ’ðxÞ, e.g.,
Refs. [46–51]. Moreover, with Eq. (12) one obtains
’ðx ¼ 1=2; 2Þ ¼ 1:20þ0:16¼1:360:13¼1:07; (14)
which agrees with the result ’ð1=2Þ ¼ 1:2 0:3 obtained
using QCD sum rules [52].
As noted above, one may accurately compute arbitrarily
many Gegenbauer  ¼ 3=2 moments by reprojecting the
result in Eq. (12) onto the Gegenbauer  ¼ 3=2 basis,
Eqs. (1) and (10). It is therefore straightforward to evolve
Eq. (12) to any scale  that might be necessary in order
to consider a given process. This is illustrated in Fig. 2. To
prepare the figure, we expressed Eq. (12) in the form of
Eq. (1) with ten nontrivial moments, fa3=2j ð2Þ;j¼2;...;20g.
[Note that the double-humped dot-dot-dashed curve, which
depicts the result obtained if just the first moment is kept,
highlights the limitation inherent in using Eq. (1) with
limited information.] Using the ten-moment expression
and the leading-logarithmic formula, Eq. (4), those
moments were evolved from  ¼ 2 GeV to  ¼ 10 GeV,
producing a ten-moment representation of ’ðx;10Þ. It,
too, oscillates about a concave curve. Working with the
errors indicated in Eq. (12), one finds
’ðx; 10Þ ¼ Nxð1 xÞ ;  ¼ 0:51þ0:25¼0:760:20¼0:31: (15)
The ‘‘central’’ value of  ¼ 0:51 is used to plot the thick,
solid curve in Fig. 2. Using Eqs. (13a) and (13b) and the
comment after Eq. (3), one finds that it is only for  *
100 GeV that a3=22 &10% and a
3=2
4 =a
3=2
2 &30%. Evidently,
the influence of DCSB,which is the origin of the amplitude’s
breadth, persists to remarkably small length scales.
Such calculations expose a critical internal inconsistency
in Ref. [53], which claims to represent a direct measurement
of ’2ðxÞ. Using the reasoning therein, the two panels in
Fig. 3 of Ref. [53] correspond to   2 GeV (left) and  
3 GeV (right). The left-hand panel depicts a broad distribu-
tion, for which Eq. (10) yields a3=22 0:27, whereas the
right-hand panel is the asymptotic distribution, for which
a3=22 ¼0, and, as illustrated by the material presented herein,
it is impossible for QCD evolution from  ¼ 2 ! 3 GeV to
connect these two curves. Therefore, they cannot represent
the same pion property and it is not credible to assert that
’ðxÞ is well represented by the asymptotic distribution for
2 * 10 GeV2. The assumptions which underly the claims
in Ref. [53] should be carefully reexamined.
The analysis presented herein establishes that contem-
porary DSE- and lattice-QCD computations, at the same
scale, agree on the pointwise form of the pion’s PDA,
’ðx; Þ. This unification of DSE- and lattice-QCD results
expresses a deeper equivalence between them, expressed,
in particular, via the common behavior they predict for the
dressed-quark mass function [54–57], which is a definitive
signature of dynamical chiral symmetry breaking and the
origin of the distribution amplitude’s dilation.
Furthermore, the associated discussion supports a view
that ’
asy
 ðxÞ is a poor approximation to ’ðx; Þ at all
momentum-transfer scales that are either now accessible to
experiments involving pion elastic or transition processes, or
will become so in the foreseeable future [9,13,58,59].
Available information indicates that the pion’s PDA is
significantly broader at these scales and, hence, that predic-
tions of leading-order, leading-twist formulas involving
’
asy
 ðxÞ are a misleading guide to interpreting and under-
standing contemporary experiments. At accessible energy
scales a better guide is obtained by using the broad PDA
described herein in such formulas. This might be adequate
for the charged pion’s elastic form factor. However, it will
probably be necessary to consider higher-twist and higher-
order-strong corrections in controversial cases such as the
! 0 transition form factor [49,50,60,61].
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FIG. 2 (color online). Dot-dashed curve, ’ðx; 2Þ in Eq. (12);
oscillatory thin solid curve, Gegenbauer  ¼ 3=2 representation
obtained with ten nontrivial moments (a3=220 =a
3=2
2 ¼ 0:044); and
thin dot-dot-dashed curve, Gegenbauer  ¼ 3=2 representation
obtained with just one nontrivial moment [a3=22 ¼0:20, Eq. (13a)].
Solid curve,’ðx; 10Þ in Eq. (15); i.e., leading-order evolution of
’ðx; 2Þ to 10 ¼ 1=½10 GeV, which corresponds to a hard
scale of 100 GeV2. The dotted curve is ’
asy
 ðxÞ.
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